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Abstract

Recently Hess and Mikhailov pointed out that in small subcellular compartments diffusion is so fast that mixing is
instantaneous on the time scale of many enzymatic reactions. This opens the possibility for synchronizing individual reaction
events. To illustrate this fact they discuss as example an irreversible enzymatic reaction with alosteric product activation.
Under appropriate conditions their model shows coherent spiking in the number of product molecules, caused by the strong
correlation between reaction events. In this model only substrate binding is an indeterministic process, all other subsequent
transitions between different enzyme states being deterministic, contrary to real processes. The purpose of the present paper
was to investigate this interesting phenomenon by means of a more realistic modification of the original model, with only
probabilistic transitions. In an attempt to obtain spiking, which was not observed under these conditions, the model was
extended to make a clear distinction between allosteric high and low affinity substrate binding, in contrast to the original
model using a product dependent mean binding probability. However no periodic signal was detectable in the indeterministic
version of the Hess Mikhailov model or the extended version, either by means of direct visualization or on autocorrelation or
Fourier analysis. Reasons why spiking is not observed in indeterministic enzyme models are discussed. © 1998 Elsevier
Science B.V.
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spreads over a distance of about (Dt,,.)"/?, giving a
spatial correlation of chemica reactions within a
correlation length of 1. = (Dt /N)*2. Therefore in
a small enough compartment, with mixing times
smaller than the mean encounter time (t,,;, /tenc < 1),
synchronization throughout the whole compartment
is possible, because mixing is instantaneous on the
time scale of possible chemica reactions. From this
condition it follows that spatial correlations are pos-
sible only providing a critical number N, =L /R of
target particles is not exceeded.

On the basis of these spatial correlations, Hess
and Mikhailov argue that subcellular compartments
should show uncommon behavior in reaction kinet-
ics. The following seemingly promising model [4,6]
was presented to illustrate their viewpoint: from
characteristic values for the linear dimensions of cell
compartments (L = 100 nm), target groups (R=1
nm), and diffusion constants (D =10"°% cm? s™ ! =
10° nm? ms 1), a system of about N. = 100 en-
zyme molecules can show correlated behavior. The
following catalytic cycle is proposed for these en-
zyme molecules (see Fig. 1A, with all transition
probabilities p,=1 for i > 0): initially an enzyme
molecule is in a certain state @ = 0. If substrate
molecule binding takes place, the enzyme changes to
state @ =1 and consecutively to the states & =
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Fig. 1. Reaction scheme for (A) the model with variable binding
probability or (B) model with distinct high and low affinity states.
S is for substrate, P for product and the numbers symbolize the
enzyme states @ =0,1,... Ky,... K. The indices L and H are
labels for low and high affinity states. The p; are transition
probabilities. For p; = k; ;, ;At =1 the transitions are determinis-
tic, for p; = k; ;. 1At <1 are indeterministic.

2,3,... €tc., at regular time intervals At. In the
particular state @ =K, at time T,=At-K,, the
product molecule is now set free and the enzyme
molecule undergoes further transitions @ = K, + 1,
Ko+ 2... until a time T=At-K the last state
@ =K is reached. In the next step the enzyme
molecule is once again set back to its initiad state
@ =0. It is proposed that all reaction steps are
irreversible.

In order to get a correlation between different
reaction events an allosteric regulation mechanism is
introduced: if bound by an enzyme, the reaction
product is able to increase substrate affinity and,
therefore, accelerates its own production. In the ini-
tial state @ =0 the probability p, of capturing a
substrate molecule depends on whether a product
molecule s, or is not, bound to the regulatory site. If
no product is bound, substrate binding probability is
set to py = W,. Product binding at the alosteric site
enhances affinity and the substrate binding probabil-
ity is now set to p,=w;,. This probability w, is
expressed as product of (i) the probability of colli-
sion between an enzyme molecule and a product
molecule At/t, during the time interval At, (ii) the
low affinity substrate binding probability w, and
(iii) an alosteric factor «, i.e. w; = a(At/t,)w,. In
fact, no explicit distinction is made between the high
affinity and low affinity form of enzyme molecules;
instead, a substrate binding probability p,=1—(1
— W)l —w,)™ is assumed for each enzyme
molecule, with m as number of product molecules
existing in the compartment.

In order to prevent all enzyme molecules from
aways being in the high affinity form, a first order
decay with a rate y is introduced, but, contrary to
real decay processes, there is no distinction between
free and bound product molecules. According to
Mikhailov and Hess the mean lifetime of product
molecules, 1/, must be smaler than the recovery
time T — T, of the enzyme [6]. In their opinion this
choice is necessary to prevent immediate triggering
of a new enzyme cycle by newly formed product
molecules.

Hess and Mikhailov [4,6] report simulation runs
of this process, where increasing the strength « of
alosteric regulation forces the system from molecu-
lar chaos to periodic spiking in the number of prod-
uct molecules.



W. Wyskavsky / Biophysical Chemistry 71 (1998) 73-81 75

A complication not taken into account by Hess
and Mikhailov is the intrinsically stochastic nature of
chemical reactions on the molecular level. As is
emphasized in Refs. [4,6], the only indeterministic
step is substrate hinding. The subsequent transitions
are assumed to be totally deterministic, so that the
enzyme molecule works like a macroscopic clock or
machine. Consequently, substrate turnover time is an
exactly defined system parameter.

However, these reactions must show stochastic
behavior since chemical reactions are of quantum
mechanical nature. Even if they were of determinis-
tic nature, coupling of molecules to the surrounding
heat bath makes the behavior unpredictable. Hence,
stochastic behavior, both with respect to binding of
ligands and also to intramolecular reactions, has
always been assumed in stochastic reaction kinetics
since the beginnings (e.g. decay of Michaglis—
Menten complexes in Ref. [8], a reference cited by
Hess and Mikhailov).

Empirically, the indeterministic character of pro-
tein dynamics has been documented repeatedly in the
vast number of single ion channel experiments (an
introductory overview is given by Ref. [9]). 1 An-
other example which pertains directly to the present
paper is given in Ref. [11]: Funatsu et al. measured
turnover times of ATP in single myosin molecules
by the imaging of single fluorescence labelled ATP
molecules. The individual lifetimes of the ATP-
myosin complexes showed considerable variation
with an exponential distribution. The mean lifetime
agreed well with the turnover time measured in
solution. Hence, turnover time is a statistical con-

cept.

2. Results

The original am of the present analysis was to
take into account the essentially stochastic nature of
real enzymatic processes, expecting the persistence
of (perhaps noisy) oscillations. Repetition of the
Hess—Mikhailov simulations in the origina manner
[4] is very impressive if appropriate parameters are

! See especialy Ref. [10].

used, but a reproduction with stochastic models
failed.

In stochastic reaction kinetics, first order reaction
rates k;; for transition from state i to state j are
interpreted as decay probability per unit time (i.e.
probability densities). The decay probability during a
short time interval At is then given by k;;At, pro-
vided At < 1/k;;. If there is no branching in the
reaction chain, survival probability in state i is 1 —
Ki i, ,At. Survival probability for a finite time inter-
va t=nAt isthen (1—k;;,;At)", and the proba-
bility for a decay event between (n — DAt and nAt
is K, At(1— ki, ,AD" L In order to get the
usua continuous time variable one has to take the
limit At—=0 and n— «, but in such a way that
t = nAt = constant.

On paper this process is straightforward, but in
computer simulations this operation is not possible,
and instead one has to choose At as small as possi-
ble. But with small enough values for At, memory
limitations come into play. For these reasons, smaller
time steps At imply that simulated time intervals are
of shorter duration and a compromise most be found.

Deterministic processes can be implemented if
Ki .1 IS chosen in such a way that k;;,, - At=1,
implying a 100% transition probability during At. In
this case, a small complication cames from the fact
that if At is decreased, the number of deterministic
states @ must be increased.

The following parameter set from Ref. [4], lead-
ing to coherent spiking in the deterministic case was
chosen as reference for the investigations discussed
below: low affinity substrate binding rate 0.01 ms™*
enzyme molecule !, alosteric factor a = 70 (corre-
sponding to a high affinity binding rate of 0.07 ms™*
enzyme molecule™*), and transition rates k; ;,, =1
ms~! enzyme molecule™! for each transition @ =i
to ®=i+1 (i>0) with a simulation time step
At=1 ms. For the given At this corresponds to
deterministic transitions after each 1 ms step, i.e. a
transition probability of 100%, as mentioned above.
There are 21 states @ with 0<i <20 and release
phase K,=10. The product decay rate is set to
v=0.3 ms™ !, corresponding to a mean lifetime of
3.3 ms. with these given parameters, spikes are
clearly seen at intervals of about 10 ms (Fig. 2A). A
mean turnover time of t,, ..« = 21.68 + 1.05 msis
obtained for the smulation given in Fig. 2. In order
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Fig. 2. Deterministic Hess—Mikhailov process with At=1 ms.
Parameters as given in the text. (A) Number N, of product
molecules vs. time and (B) number of enzyme molecules N¢ in
product releasing state K, =10 vs. time. (C) Autocorrelation
function C(7) = < (N(t) = (ND(N(t + 1) — (N /(N of
number of product (P) and enzyme (E) molecules in product
release state K, =10 (E). All 100 ms traces are parts of 500 ms
simulations recorded during the stationary reaction phase.

to exclude initial transient effects, severa consecu-
tive simulation runs, each lasting 500 ms, are per-
formed before analyzing the last one. The figures
show a 100 ms part of such 500 ms traces. Number
of product (Fig. 2A) and enzyme molecules in state
K, (Fig. 2B) show periodic temporal variation with a
periodicity half the length of the turnover time. This
periodicity is also seen in the autocorrelation func-
tion of the number of product molecules or the
number of enzyme molecules in state ¢ = K, = 10
(Fig. 2C). A histogram of the distribution of phases
@ for an arbitrarily chosen time also showed cluster-
ing around two maxima 10 ms apart, as seen in the
originad paper [4] (data not shown). Interestingly,
different sets of simulation runs show differences in
spike shape, which persist during the whole experi-

ment. It seems that the system might have some form
of memory.

In order to introduce stochastic transitions (Fig.
1A, with p, < 1), a transition probability density (or
first order reaction rate) of k;;,, =1 ms™* for all
steps i > 0 was chosen (as in the case above), but
with time steps At usualy set to 0.1 ms. The
trangition probabilities are then k;; ;At=0.1 dur-
ing the time interval At. The probability of finding a
molecule in its initial state after 1 ms is therefore
1-k,;,,AD®=(1-01"=0348.... In com-
parison, a continuous physical process shows a sur-
vival probability of exp(—k;; ,(10At)) = exp(—1)
= 0.367.... Hence the former mode gives an error
of about 5%. Smaller time steps would show essen-
tially the same behavior and the approximation to the
physical process would be better, but as mentioned
above test runs with smaller time steps have the
disadvantage of computer memory limitations, allow-
ing simulations only over shorter time scales.

Under the conditions given above, the mean
turnover time and standard deviation increase to
tumover = 26.57 £ 8.37 ms. Time course of the total
number of substrate molecules (Fig. 3A) or enzyme
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Fig. 3. The same as in Fig. 2, except the time step At = 0.1 ms,
and therefore indeterministic behavior.
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molecules in the ‘ product-firing’ state K, (Fig. 3B)
now do not show any temporal regularity. Autocorre-
lation (Fig. 3C) and Fourier analysis (data not shown)
likewise show no periodicity. In the phase histogram
periodicity is also lost (data not shown).

In the origina Hess—Mikhailov model no distinc-
tion was made between the high and low affinity
form of the enzyme. Instead each enzyme molecule
was able to bind a substrate molecule with the same
probability p,. To see whether distinguishing the
two forms, and taking their interplay into considera-
tion might restore oscillating activities, the model
was extended in the present study (Fig. 1B).

A second order rate was introduced for regulatory
product binding to the low affinity form to transform
the low to the high affinity species. Product binding
enables transformation to the high affinity species. In
Refs. [5,6] binding probability depends on the num-
ber of currently existing product molecules. Apply-
ing this assumption to the two affinities model means
very fast, i.e. diffusion controlled binding. Therefore
a product binding rate of K4, = 0.1 ms™* enzyme
molecule™? product molecule™ 1 (the inverse of traf-

40
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TIME (ms) 100

20 0 60 80 100

AUTOCORRELATION TIME (ms)
Fig. 4. Deterministic two affinities model, parameters are chosen
as close as possible to the original model (see text). (A) Time
course of total (T), bound (B) and free (F) product molecule
number N. (B) Number Ng of enzyme moleculesin state K, = 10.
(C) Autocorrelation of enzyme (E) and total product (T) molecule
number.
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Fig. 5. Two affinities model with indeterministic transition (At =
0.1 ms); otherwise conditions as in Fig. 4.

fic time t,) was chosen. Since in the original model
product molecules were eliminated irrespective of
binding, dissociation from the regulatory site must be
faster than elimination. In the simulations done with
the two affinities model only free molecules are
eliminated at rate y. Product dissociation from the
allosteric binding site was varied from k= 0.01 to
1.0 ms™! enzyme molecule™ !, because no hint was
available for a reasonable value.

An extensive search for periodic behavior in the
deterministic two-affinities model failed. Even on
attempting to choose conditions matching those of
the original model as closely as possible, i.e. em-
ploying the same transition rates, diffusion controlled
binding and varying release rates for bound effector
product molecules, no periodicity is seen (Fig. 4).
Moreover, it was not possible to get a short turnover
time; for example, the turnover time was t
83.98 + 87.97 ms for ky=0.1ms™*.

Accordingly, it is not surprising that for the inde-
terministic case (with At =0.1 ms) no periodic be-
havior is seen (Fig. 5).

turnover —
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Fig. 6. Deterministic transition (At =1 ms); reaction chain with
only one affinity state. Binding rate k,=0.8 ms™1. All other
steps are deterministic (k; ;. ; = 1), product release in state K, =
10 as before. System shows oscillations caused by the initia
binding conditions. (A) Time dependence of product number. (B)
Number of enzyme molecules in releasing state.

Under all investigated conditions mean turnover
time and standard deviation were of the same order
of magnitude, allowing no synchronization of the
enzyme molecules.

These results suggests that oscillations have some-
thing to do with the ‘tiff’ behavior of the Hess—
Mikhailov model. Hence, other deterministic models
should also show similar types of oscillations, as
illustrated by two ‘pathological’ variations of the
deterministic model.

The first model is given by the following condi-
tions (Fig. 6): (1) A reaction cycle with 21 states and
release state K, = 10, as above, (2) only one indeter-
ministic substrate binding state without allosteric
regulation, (3) al enzyme molecules at time t=0
are in the same state ¢ =0, (4) transitions are
deterministic and At=1 ms, (5) y=0.3 ms™ !, as
above. Substrate is bound with high affinity, but
without allosteric regulation (p,=w,=0.8 ms™?,
a=0and w, = 0). The initial fast substrate binding
burst synchronizes enough enzyme molecules to get
oscillations of about 21 ms duration. Since the first
reaction step is indeterministic, molecules should
slowly run out of phase and the originaly high
spikes decrease with time, but they are clearly seen
for along time. Decreasing w,, to 0.6 ms™! leads to

initial oscillations which vanish within 1000 ms (data
not shown); if w, is further decreased to 0.4 ms™*
no oscillations are seen.

With this phenomenon in mind, a variation of the
original Hess Mikhailov model as second model is
interesting. Setting all parameters as in the reference
model, except y=0 (i.e. no product elimination),
shows the following effect: the number of product
molecules rises in a stepwise fashion with a step
length of about 21 ms (Fig. 7A). The mgjority of
enzyme molecules is synchronized and shows spikes
for the phase K, at the beginning of new substrate
steps (Fig. 7B).

This can be explained in the following way: at
time zero, some enzyme molecules are recruited into
phase @ =1 with probability w,. This means that
after the first 10 ms the number of product molecules
(on average) increases linearly for the next 10 ms.
After this time, non-recruited enzyme molecules are
able to bind product molecules and since the al-
|osteric mechanism increases substrate binding affin-
ity in a non-linear way, enzyme recruitment in-
creases faster than product making. A short time
later, all enzyme molecules are in an activated state
@ >0 and new product molecules cannot increase
enzyme activity further. Hence the phase histogram
has a triangular appearance, showing that most en-
zyme molecules cluster around certain states. Since
the number of product molecules after a short time is

25 50 75 100 125 150 17‘5 200

TIME (ms)

25 50 75 100 125 150 175 200

TIME (ms)

Fig. 7. Deterministic transitions like in Fig. 2, but without product
decay (y = 0). (A) Increase in product number. (B) Time course
of enzyme molecules with K, = 10.
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as big as, or greater than, the number of enzyme
molecules (m= N, = 100; to be consistent, one has
to st m=N; in the formula for p, when the
number of product molecules exceeds the number of
enzyme molecules), binding probability for substrate
molecules is nearly 100% ( p, = 1). Thus, even the
substrate binding step becomes deterministic, and the
system 'remembers’ its initial transient behavior and
repeats a recruitment scheme very similar to the first
one (Fig. 7).

From this standpoint the function of product elim-
ination in the reference model is only to differentiate
(in the mathematical sense of calculus) the output
signal of the enzyme system. It is not necessary that
product molecules have a mean lifetime1/y<T —
T,, as demanded by Mikhailov and Hess [6]. It is
even possible to get oscillations in the reference
model if the only modification is that K, =K, i.e. if
the product is set free in the last enzyme state. It
might appear from the above arguments that product
elimination is unnecessary, but this is not true. If
enzyme molecules in the beginning are in different
states @, product elimination at an appropriate rate y
synchronizes the system.

3. Discussion

A closer ook at the Hess Mikhailov model shows
that there are three main factors causing oscillatory
behavior. Firstly, the only indeterministic step in the
model is substrate binding. All other transitions from
states @ =i to @ =i + 1 are fully deterministic (i.e.
the transition probability is 100%), but in a true
enzyme molecule they are probabilistic. The * tiff’
behavior prevents desynchronization of different en-
zyme molecules. Secondly, the allosteric process was
simplified: the total probability for substrate binding
issatto pp=1—(1—wy)(1—w,)™ This formula
suggests that each new product molecule is instanta-
neously bound to the regulatory site of an enzyme
molecule. In the more redlistic case of distinct low
and high affinity forms, the regulatory molecules
must be bound during a finite time interval. Here an
upper limit for binding rates is given if diffusion
controlled reactions are assumed. This binding pro-
cess is of a magnitude comparable to the transitions
between different enzyme states. Thirdly, product

molecules decay at first order rate y, without distinc-
tion as to whether they are free or bound. This
suggests fast dissociation, since usualy only free
molecules are accessible to degrading enzymes. The
overall effect of product decay is one of resynchro-
nization, since product molecules are removed be-
tween two collective release events. Moreover, decay
shapes the product spikes (increasing y makes thin-
ner spikes).

In stochastic reaction Kkinetics, turnover time
tumover (EVEN maximal turnover time for saturating
substrate concentrations) is a statistical measure. It is
the mean duration of a reaction cycle. Therefore
there is no guarantee that a set of synchronized
enzyme molecules will stay synchronized. Preserva
tion of synchronization for longer times demands
very small dispersion as compared to turnover time.

Mean turnover time for an irreversible cycle with
n+1staes0<i<nisgvenby t, oe=1/K +
1/k, + ... +1/k,. It is difficult to produce the ac-
companying formula for dispersion o and it is even
more difficult to write down t,, .. ad o for a
reversible process. However for irreversible pro-
cesses it is possible to discuss two enlightening
special cases after consideration of a preliminary
example.

Consider the decay of a molecule A into a
molecule B in an irreversible first order reaction:
A — B. This process is characterized by a rate con-
stant k with dimension time !. The number of
molecules N,(t) existing at time t is determined by
N,(t) = N,(0)exp(—kt). In stochastic reaction kinet-
ics k is interpreted as the decay probability per unit
time. Decay probability during a short time interval
At is therefore py. = kAt. The probability of A not
decaying is p,;=1— kAt. After the longer time
interval t=nAt the following probabilities apply:

probability{ A exists at time nAt} = (1 — kAt)"
probability{ A decays between (n— 1)At and nAt}
=kAt(1—kAat)"*

In the case of limit At— 0 (with t=nAt=
constant), from the formula for probability{A exists
at time nAt} it follows:

probability{ A exists at time t} = exp( —kt).
From the above formulae it follows for mean {t)
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and square mean (t?) life time

o

(ty =Y (nAt)kAt(1+kAat)"*

n=0

(t?) = f‘, (nAt)*kAt(1—kAt)"™*

n=0
After some simple algebraic manipulation one gets
1
(ty = PE
() = 2t — (DAL= o — 2
k? Kk

and for dispersion

1 At
0-2=<(t_<t>)2>= <t2>_<t>2=F—?.

For At — 0 one gets the usua formulae for mono-
exponential decay with (t) = 1/k, {t?) = 2/k? and
o?=1/K% ie it is dways o2 =0O((t)?). These
relations also show the influence of finite At and
digitalization in computer simulations. Interestingly,
dispersion is smaller in the digitalized version of the
problem, since processes with a time scale smaller
than At are suppressed. A very important fact is that
there is no freedom in choosing dispersion or the
stochastic noise, since both are fully determined by
k.

Now it is possible to discuss the two special cases
mentioned above: in the first case, only one rate
limiting step k., exists (e.g. if low substrate bind-
ing rate and fast transitions between consecutive
intermediate states are given). In this situation
turmover = (1) = 1/K;ie @d o depend primarily on
Kimt Similar to the situation in first order decay
A — B discussed above. Hence o2 = O(t2,,ver) =
O(1/kz..;,) as above, and an originally synchronized
set will quickly desynchronize.

In the second specia case there are n rate limiting
steps of about equal rate (e.g. if very fast binding is
followed by n rate limiting transition steps of equal
magnitude). The probability density for the transition
between step i and step i+ 1 is aways given by
P._i.(t) = k- exp(—kt). Probability density
P._ . ,(t) for the transition from i to i + 2 viai + 1
is given as the convolution integral:

t
Pi—>i+2(t) =_/;)dtlpiei+l(t’)Pi+l—>i+2(t_t’)'

Repeating this process, one gets similar formulae
for longer reaction chains. Inserting the expressions
for P, ., the probability density function for run-
ning through the full cycle0 ->1—-2— ...
0 exactly once during time interval t is

- n—

kn+ 1tn
—kt

Pcycl(t) = €

The qth statistical moment of time (eg. q=1
mean time (t), q=2 square mean time {t2)) is
given by

n!

(n+q+1)!
n'k®

In particular, one gets {t) = (N + 1) /K=ty nover
and (t?) =(n+ 1)(n + 2) /k?. For dispersion o2 =
(n+ 1)/k? follows.

Thus, with increasing n, the ratio oty e de-
creases with 1/y/(n+ 1) . For n= 20, one gets the
not so unreasonable value o = ty, o /4 Since for
the indeterministic version of the Hess Mikhailov
model we got o = t,, o/ 3.17, i€ it isaso o2 =
O(t2,over) @ before. Only for very large values of n
the dispersion o is much smaller than t,, - FOr
more complicated cases the situation must be similar,
but with factors leading to further increase in o.

(19) =/:dtPcyc|(t)tq=

4. Conclusion

In summary, Hess and Mikhailov’'s model works
only due to its deterministic and non-linear character.
The strong spatial correlation is a necessary, but per
se not a sufficient condition to obtain synchroniza-
tion of different reaction events. Thisis aso true for
the non-linear oscillator models cited in Ref. [4] as
analogues. Contrary to these suppositions the quan-
tum mechanical nature of chemical reactions and the
coupling of enzyme molecules to the surrounding
heat bath demand indeterministic behavior, and inde-
terministic behavior is, indeed, observed in experi-
ments with single protein molecules. When for these
reasons their model was extended by introducing
stochastic transitions between different enzyme
states, the coherent behavior of the enzyme collec-
tive was destroyed. As shown by discussion of
turnover times as a function of their respective reac-
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tion rates, dispersion of individua cycling timesis of
the same order of magnitude as the turnover time.
This prevents the possibility of resynchronization,
which is a prerequisite for coherent behavior.
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